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L e t  Q - ( l , Z , . * . n ) .  A c o l l e c t i o n  of s e t s  ( 0 )  = S of  

n forms a topology if: 

n 

(i) 4 , n n d s  1 = n u l l  se t .  

i, 
(ti) 01, o2 6 Ol  f i  O2 and O1 iJ O2 

Hy purpose is t o  count  the number f ( n )  of d i s t i n c t  topo- 

l o g i e s  on Qn i e. the number of d i s t i n c t  c o l l e c t i o n s  s 

formed from subse t s  on B which s a t i s f y  ( i )  and (ii).> n 

It 2s conven ien t  t o  have t h e  following a l t e r n a t i v e  

Each topo- e q u i v a l e n t  way of g e t t i n g -  a topology on SIn. 

logy i s  un iquz ly  induced by a f u n c t i o n  F: fin + p(nn) 

where P(f2,) - t h e  set of all s u b s e t s  of 0, and F s a t i s f i e s  

t h e  f o l l o v i n g :  

(1) i E P(i) V i €  nn 

(2) vi, f s  Qn, j eF ( i1 -4 ,  F ( j ) C F ( i )  

n’ Given A c Q  d e f i n e  F ( A )  = d(F (i): isA?, F(6) - 4 t h e n  

P cap  be  cons ide red  as t h e  c l o s u r e  of A and i t  i s  easy  

t o  v e r i f y  t h a t  if F s a t i s f i e s  (1) and (2)  t hen  t h i s  

o p e r a t f o n  s a t i s f i e s  t h e  Kuratowaki c l o s u r e  p o s t u l a t e s  

and hence d e f i n e s  a genuine topology on SI,. 

problem can be r e f o r m u l a t e d  as c o u n t i n g  t h e  number of 

d i s t i n c t  mappings F from nn t o  P(nn) s a t i s f y i n g  (1) and 

Hence t h e  

(2 )  
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I s h a l l  change t h i s  fo rmula t ion  a g a i n  t o  an equi -  

v a l e n t  one i n v o l v i n g  r e l a t i o n s  on il (or d i r e c t e d  graphs  

or d ig raphs  w i t h  p o i n t s  of Q as vert ices) .  n 

n 

A r e l a t i o n  on nn is a s u b s e t  R of Q,, x 0,. 

a f u n c t i o n  P:Qn+P(il,,) a r e l a t i o n  B can be d e f i n e d  a8 

Gtven 

fo l lows:  

The p r o p e r t i e s  (1) and (2 )  above of F are  equioa-  

l e n t  t h e n  t o  the following p r o p e r t i e s  of t h e  co r re spond ing  

r e l a t i o n  R: 

( 3 )  ( i , i ) e  R ( r e f l e x i v e )  

(4) ( i , j ) c  It, ( J , k ) c  R (i,k)E E x t r a n s i t i v e )  

Hence the  q u e s t i o n  i s  one of c o u n t i n g  a l l  r e f l e x i v e  

and t r a n s i t i v e  r e l a t i o n s  on Qn. 

e f u r t h e r  r e d u c t i o n  i s  p o s s i b l e  
<-- One may c o n s i d e r  7 

-------A 
only t h o s e  relations which  a re  an t i - symmetr ic  i . e .  

Let t h e  number of such r e l a t i o n s  on nn ( u s u a l l y  

c a l l e d  p a r t i a l - o r d e r s )  be denoted by f o ( n ) .  C l e a r l y  

where 

Tn,k * t h e  number of p a r t i t i o n s  of Rn i n t o  k 

d i s j o i n t  non-empty s u b s e t s .  

= the number of d i s t i n c t  f u n c t i o n s  from 

nn -+ ilk (onto) .  
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\ It i s  a l s o  easy  t o  show t h a t  each p a r t i a l - o r d e r  i 
on 52, un ique ly  induces  a To-topology on an. Hence f o ( n ) ,  

I 

the number of p a r t i a l - o r d e r s , i s  t h e  number of To-topo- 

l o g l e a  on 0,. 

t h a t  the number of T1-topologies (and a f o r t i o r i  b e t t e r -  

A t  t h i s  p o i n t ,  I make the t r i v i a l  remark 2 
r e p a r a t e d  t o p o l o g i e s )  on Qn IS e x a c t l y  one. 

For t h e  s a k e  of c l a r i f y i n g  v h a t  is known ( t o  t h e  

best of my knowledge) i n  t h i s  area, I add t h e  f o l l o w i n g  

i n f o r m a t i o n .  

L e t  Rn - s e t  of a l l  r e l a t i o n s  ou On. 

1 
n 

R = set  of r e f l e x i v e  r e l a t i o n s  on Rn 

3 

n 
R = set of symmetric r e l a t i o n s  of nn 

R~ = set of ant i -symmetr ic  r e l a t i o n s  on n n 
n 

If A c  n l e t  v ( A )  = the number of e lemen t s  i n  A. 

Then 

1 2 3  p(R qR OR ) = B = e x p o n e n t i a l  numbers.  
a n n  n 
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The only  n o n t r i v i a l  a s s e r t i o n  above i s  the concern ing  

e x p o n e n t i a l  numbers. For  a r e c e n t  r e p o r t  on t h e s e  see 

Rota (American Math. M o n t h l y ,  1 9 6 4 ) .  I s h a l l  c o n t e n t  

myself  v i t h  t h e  o b s e r v a t i o n  t h a t  Bn a l s o  equals the 

number of d i s t i n c t  a l g e b r a s  (or r - a l g e b r a s  or Borel-  

f i e l d s )  formed o u t  of t h e  s u b s e t s  of  8 . n 
I s h a l l  now beg in  t o  e s t i m a t e  t h e  f u n c t i o n  f o ( n ) ,  

t h e  number of  T - topo log ie s  on 11 = (l,Z, .. .n) o r  
0 n 

e q u i v a l e n t l y  the nuznber of p a r t i a l  o r d e r s  on an. 

For t h i s  purpose ,  I s h a l l  use  t h e  f a m i l i a r  dev ice  

of  t h e  s o - c a l l e d  "Hasse diagrams" f o r  p a r t i a l  o r d e r s  

(See B i r k h o f f ,  " L a t t i c e  Theory"). For my purposes  h e r e ,  

I s h a l l  have  t o  make use  of a s l i g h t l y  more elaborate 

d e s c r i p t i o n  of t h e  diagram t h a n  i s  u s u a l l y  g iven .  

I s h a l l  w r i t e  2 for t h e  p a r t i a l  o r d e r  r e l a t i o n  

and x < y if x 5 y and x f p  

L e t  a p a r t i a l  o r d e r  I b e  g iven  on S2 . D e f i n e ,  n 
f o r  any IC c Qn 

d(x)  = l e n g t h  of maximal c h a i n  up t o  x - max. €a13 xo< xl < . . . < x ~ r - ~ < x l  

w i t h  t h e  convent ion  t h a t  d(x) * 0 i f  x i s  minimal o r  

i f  x i s  u n r e l a t e d  t o  any o t h e r  e lement .  The f o l l o w i n g  

lemma i s  obvious:  

Lemma: d (x)  = d(y )  + x  and y a r e  not comparable. 
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I s h a l l  w r i t e  b) a (b cove r s  a)  i f f  a < b and 

t h e r e  i s  no x such  t h a t  a <x  <b. 

C l e a r l y  OzkL(n-1) and S ‘s are  non-empty w i t h  S2 = 
Sj. n 3 *o 3 

I now form a graph i n  t h e  followfng manner. P l a c e  p o f n t s  

Of t h e  S e t  s 

a r r a n g e  them so t h a t  S i s  above S i f  j , i .  Join a E Si li i 

in one row, c a l l e d  j th  r o w  and f o r  convenience 
;1 

w i t h  b e S ( j> i )  i f f  b ) a  Two p o i n t s  of the same s e t  

si are not t o  be j o i n e d .  

1 

Such a graph is comple te ly  c h a r a c t e r i z e d  by t h e  

following description, P o i n t s  €1 ,2 ,  ... n3 are arranged 

in (k+ l )  rows Ozkfn-l c a l l e d  o t h ,  1s t  ... kth N~~~ 

of the rows are empty. 

has t o  be  connec ted  by an edge t o  some p o i n t  of t h e  ( i - l ) t h  

Each p o i n t  of t h e  ith row l z iLk 

rowI A p o i n t  of t h e  ith row OLizk may be  connected t o  a 

p o i n t  of t h e  j t h  row, j > i ,  on ly  if t h e r e  is no p o i n t  of 

an i n t e r m e d i a t e  row which is connected t o  b o t h  of them. 

No two points of the same row are connected ,  

For convenience ,  I s h a l l  i n t r o d u c e  some f u r t h e r  

0, w i t h  max. d ( x )  = k 
1fxLn 

Then 
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I obtain a lower bound for fo(n)  by obtaining a louer 

(n even) 

2 n 
? 

In e i t h e r  case 

P,(n) > constant 2 

2 or  

where the constant is between 0 and 1 .  

t 
2 

A t r i v i a l  upper bound f o r  f o ( n )  is 2 

from r e f l e x i v i t y  of the p a r t i a l  order). 

n(n-1) 
(obtained 

Thus 

And 

The same is true for f ( n ) .  


